The electronic properties of a modified magnetic quantum dot are studied. The modified magnetic quantum dot is a quantum structure that is formed by spatially inhomogeneous distributions of magnetic fields. Electrons are magnetically confined to the plane where the magnetic fields inside and outside the dot are different from each other. The energy spectrum exhibits quite different features depending on the directions of the magnetic fields inside and outside the dot. In particular, the case of opposite directions of the fields is more interesting than that of the same direction. An electrostatic potential is introduced to the system to study the effects of an electric confining potential on the eigenenergy of a single electron in the modified magnetic quantum dot. The additional potential raises the whole energy spectrum and changes its shape. The ground-state angular momentum transitions occurring in a bare modified magnetic quantum dot disappear on introduction of the additional parabolic potential. The application of spatially inhomogeneous magnetic fields makes it possible to produce a number of magnetic structures in the two-dimensional electron gas ͑2DEG͒, such as magnetic quantum dots using scanning tunneling microscope lithography, 1 magnetic superlattices by the patterning of ferromagnetic materials integrated by semiconductors, 2 and type-II superconducting materials deposited on conventional heterostructures.
The application of spatially inhomogeneous magnetic fields makes it possible to produce a number of magnetic structures in the two-dimensional electron gas ͑2DEG͒, such as magnetic quantum dots using scanning tunneling microscope lithography, 1 magnetic superlattices by the patterning of ferromagnetic materials integrated by semiconductors, 2 and type-II superconducting materials deposited on conventional heterostructures. 3 Theoretical developments have focused on the energy spectrum and the physical properties of electrons confined in these magnetic quantum structures. [4] [5] [6] [7] [8] These structures are closely analogous to conventional quantum structures confined by electrostatic potentials. However they show distinctive transport properties due to their characteristic electronic structures. [9] [10] [11] Recently, the electronic structures of a magnetic quantum dot 6 and a magnetic quantum ring 8 have been investigated by the authors. Those structures have current-carrying states, so-called magnetic edge states, existing along the boundary between two different magnetic domains. The magnetic edge states are analogous to the conventional edge states that are induced by electrostatic confinement and formed near the sample edge in quantum Hall systems. However, these magnetic edge states are shown to have quite different properties from the conventional ones. These states depend critically on a number of missing magnetic flux quanta and cause quite distinctive aperiodic oscillations in the magnetoconductance instead of Aharonov-Bohm type periodic oscillations.
In this paper, a different model of quantum structure is proposed. It is a modified magnetic quantum dot formed by spatially inhomogeneous distributions of magnetic fields. Electrons are magnetically confined to the plane where the magnetic fields inside and outside the dot are different, i.e., (0,0,B 1 ) for rϽr 0 and (0,0,B 2 ) for rϾr 0 . This is a more complicated system than a magnetic quantum dot (B 1 ϭ0 for rϽr 0 ). Here, r 0 is the radius of the dot. This kind of magnetic field profile may be obtained by the combination of a ferromagnetic disk with a homogeneous magnetic field as shown in Ref.
12. An electrostatic potential is introduced to the system to study the effects of an electric confining potential on the eigenenergy of a single electron in the modified magnetic quantum dot. The electrostatic potentials that we have considered are V(r)ϭar 2 ϩb/r 2 and describe a quantum dot, an antidot, and a quantum ring, depending on the values of a and b. The exact single-electron eigenstates and energies of a modified magnetic quantum dot are calculated by using a general form of the single-particle Schrödinger equation without electron-electron interactions, i.e.,
where e is the absolute value of the electron charge. In plane polar coordinates (r,), the vector potential A ជ can be chosen in the symmetric gauge as
where ␥ 1 ϭB 1 /B 0 and ␥ 2 ϭB 2 /B 0 are the ratios of the applied external magnetic field to the standard magnetic field B 0 . The additional electrostatic potential V(r) is expressed as
Here m* is the effective mass of the electron and ␦ and ␣ are parameters that decide the strength of the antidot and the parabolic potential, respectively. The standard cyclotron frequency is 0 ϭeB 0 /2m*. The wave functions are separable, i.e., nm (r ជ )ϭR nm (r)e im , where m is the angular momentum quantum number and n (ϭ0,1,2, . . . ) is a radial quantum number which gives the number of nodes in the radial wave function. All quantities are expressed in dimensionless units by setting ប 0 (ϭបeB 0 /2m*) and the inverse length ␤ϭͱm* 0 /ប equal to 1. In these units, ប 2 /m*ϭប 0 /␤ 2 →1, the radius of the magnetic quantum dot r 0 →ͱs 0 where s 0 ϭB 0 r 0 2 / 0 is the number of magnetic flux quanta enclosed by a circle of radius r 0 with magnetic field B 0 and magnetic flux quantum 0 (ϭh/e). The Schrödinger equation of the radial part is written as
Here the effective potential V e f f is expressed as
where m e f f ϭmϩ(␥ 1 Ϫ␥ 2 )s 0 . The wave functions can be solved using Eq. ͑4͒ and the energy eigenvalues are determined by the continuity of the wave functions and their derivatives at the dot boundary rϭr 0 . The wave functions are expressed in confluent hypergeometric functions M and U as
The radius of the modified magnetic quantum dot is r 0 ϭͱ5, which is about 1500 Å for magnetic fields of 0.1 T. For calculations at the special point ␥ 1 ϭ0, the radial wave function R nm (r)ϭC 1 J ͉m͉ (ͱ2Er) is used in the region of r Ͻr 0 just as in a regular magnetic quantum dot. 6 Here the function J ͉m͉ is the Bessel function of order m.
The low lying energy levels for the states (n,m) (n ϭ0,1 and mϭϪ2,Ϫ1,0,1) of a modified magnetic quantum dot (␣ϭ0,␦ϭ0) as a function of ␥ 1 are shown in Fig. 1 . Here, the magnetic field outside the dot is fixed (␥ 2 ϭ1) and the magnetic field inside the dot is varied. The energy spectrum exhibits quite different features depending on the directions of the magnetic fields inside and outside the dot. In particular, when the fields inside and outside the dot are opposite to each other in direction the spectrum shows more interesting features. These peculiar behaviors of eigenstates (n,m) can be understood from V e f f in Eq. ͑5͒ without detailed calculations. V e f f (r) for several cases are shown in Ͼr 0 , V e f f has a double well structure with two local minima, V e f f (r 1 )ϭ͉␥ 1 m͉ϩ␥ 1 m and V e f f (r 2 )ϭ͉␥ 2 m e f f ͉ ϩ␥ 2 m e f f . However, when r 1 Ͼr 0 and r 2 Ͻr 0 , V e f f has one minimum at rϭr 0 . For states with mϽ0, there are ͉m͉ flux quanta inside a circle of radius r min , where V e f f (r min )ϭ0. In fact, this is manifest in Eq. ͑5͒ and is explained in detail in Ref. 6 . These behaviors are clearly shown in Fig. 2͑a͒ . Thus, as ␥ 1 (Ͼ0) increases, (n,mϽ0) states are located in the deeper region of the dot, resulting in the Landau levels (2n ϩ1)͉␥ 1 ͉ប 0 , as shown in the region of ␥ 1 у1 in Fig. 1 . For ␥ 1 Ͻ0, when ͉␥ 1 ͉ is increased, (n,mϽ0) states are located farther away from the dot to enclose ͉m͉ flux quanta and approach the Landau levels (2nϩ1)͉␥ 2 ͉ប 0 . ͓See the dotted line in Fig. 2͑b͒ .͔ States for mϾ0 show distinctive variations as also predicted from the shape of V e f f . Besides convergence to the Landau levels, there is also breaking of Landau level degeneracy except at ␥ 1 ϭ1 where the magnetic field is homogeneous. There are also ground-state angular momentum transitions as ͉␥ 1 ͉ increases in contrast to the regular magnetic quantum dot. 6 These are mainly caused by change of magnetic flux quanta due to the inhomogeneous magnetic fields in the dot. This type of angular momentum transition can occur in conventional quantum rings with finite width, or in magnetic quantum rings, or in conventional quantum dots including electron-electron interactions. When ␥ 1 ϭ0, the ground state occurs at mϭ0. 6 As ͉␥ 1 ͉ increases, the ground state occurs at the state m (Ͼ0) for negative ␥ 1 as in Fig. 1 and at m (Ͻ0) for positive ␥ 1 , and the values m are determined by the given parameters. The main reason is that for ␥ 1 р0 the ground state corresponds to nearby states from the dot while for ␥ 1 Ͼ1 it corresponds to states away from the dot as we see from V e f f in Eq. ͑5͒.
The probability densities ͉R nm (r)͉ 2 for (0,2) and (0, Ϫ10) states are plotted in Fig. 3 for several different ␥ 1 's. In Fig. 3͑a͒ , the (0,2) state can be localized inside or outside the dot but not on the boundary since the condition of r 1 Ͼr 0 and r 2 Ͻr 0 is never satisfied. These values of r 1 and r 2 are the positions of the minima in V e f f inside and outside the dot, respectively. Otherwise, states are distributed away from the boundary. In Fig. 3͑b͒ , states with mϭϪ10 are located farther away from the dot to enclose 10 magnetic flux quanta as ␥ 1 goes to negative values. When ␥ 1 ϭ2, the probability density has a maximum peak at r 0 because the modified magnetic quantum dot includes 10 magnetic flux quanta inside the dot exactly at ␥ 1 ϭ2 and s 0 ϭ5.
The energy levels for the states (n,m) (nϭ0,1 and mϭ Ϫ2,Ϫ1,0,1) of the modified magnetic quantum dot with an additional electrostatic potential (␣ϭ1,␦ϭ0) as a function of ␥ 1 are shown in Fig. 4 . The additional potential raises the whole energy spectrum and changes its shape, and breaks the Landau level degeneracy at ␥ 1 ϭ1. The ground state angular momentum transitions that occur in a bare modified magnetic quantum dot disappear due to the additional parabolic potential. When ␥ 1 Ͼ0, states gain more energy by virtue of the parabolic potential. These states show similar energy dispersion to that of a conventional quantum dot with a homogeneous external magnetic field ͑see the inset in Fig. 4͒ . However, when ␥ 1 Ͻ0, the energy spectrum becomes more FIG. 2. Effective potential V e f f (r). ͑a͒ The cases of a double well (mϭϪ1, ␥ 1 ϭϪ1, and ␥ 2 ϭ1) and a single well (mϭϪ3, ␥ 1 ϭ0.5, and ␥ 2 ϭ1). ͑b͒ The cases having a minimum inside the dot (mϭϪ5, ␥ 1 ϭ3, and ␥ 2 ϭ1) and a minimum outside the dot (mϭϪ5, ␥ 1 ϭϪ3, and ␥ 2 ϭ1). complicated. Most of the low lying energy states that are localized outside the dot without the parabolic potential are confined in the dot by the parabolic potential. As ͉␥ 1 ͉ increases, i.e., the effect of magnetic nonuniformity gets stronger, the higher energy states are less affected by the parabolic potential and tend to stay where they were despite the electric confinement. But those states are no longer Landau levels because of gaining additional energy due to the electric confinement. If we choose a big enough ␣ to neglect magnetic field nonuniformity, we can get a similar energy dispersion to that of the inset.
Figures 5͑a͒ and 5͑b͒ show the energy dependence E nm on different angular momentum quantum number m for ␣ϭ0 and ␣ϭ1, respectively. These show that all states for ␣ϭ1 are increased in energy and more states (mϾ0→mϾϪ3) are localized inside the dot compared to the case of ␣ϭ0. In  Fig. 5͑a͒ , the states mϽ0 are located outside the dot and are just Landau levels. The state (1,0) represents the localized state inside the dot having doubled energy E 1,0 compared to E 0,0 . This simply reflects the field ratio of ␥ 1 /␥ 2 ϭ2. The ground state of the system occurs at mϾ0 ͑in fact mϭ7), which is associated with a double well situation of V e f f as already discussed. The states mу10 represent the edge states, which are localized at the dot boundary and show rapid increase with increase of m.
In conclusion, the electronic properties of a modified magnetic quantum dot and the effects of an electric confining potential on the eigenenergy of a single electron in a modified magnetic quantum dot have been studied. The energy spectrum exhibits quite interesting features depending on the direction of the magnetic field inside the dot when the direction of the magnetic field outside the dot is fixed. As ␥ 1 (Ͼ0) increases, (n,mϽ0) states are located in the deeper region of the dot, resulting in the Landau levels (2n ϩ1)͉␥ 1 ͉ប 0 . For ␥ 1 Ͻ0, when ͉␥ 1 ͉ is increased, (n,m Ͻ0) states are located farther away from the dot to enclose ͉m͉ flux quanta and approach to the Landau levels (2n ϩ1)͉␥ 2 ͉ប 0 . Additional electrostatic potentials lift up the whole energy spectrum, break the Landau level degeneracy at ␥ 1 ϭ1, and change the shape of the electronic structure of the modified magnetic quantum dot. Low lying energy levels, which are affected strongly by added electrostatic potentials, no longer have ground state angular momentum transitions.
